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Nonlinear thermal convection between two stress-free horizontal boundaries is studied
using the modal equations for cellular convection. Assuming a large Rayleigh number
R the boundary-layer method is used for different ranges of the Prandtl number o.
The heat flux F is determined for the values of the horizontal wavenumber a which
maximizes F. For a large Prandtl number, o > Rt(log R)-%, inertial terms are insigni-
ficant, a is either of order one (for & > R3) or proportional to Ric—# (for o < RY) and
F is proportional to R}, For a moderate Prandtl number,

(R-1log R < o < Rb(log R),

inertial terms first become significant in an inertial layer adjacent to the viscous
buoyancy-dominated interior, and a and F are proportional to R} and

Risat(log R,
respectively. For a small Prandtl number, R-! € o < (R-1log R)3, inertial terms are

significant both in the interior and the boundary layers, and a and F are proportional
to (Ro)s% (log Ro)~# and (Ro)is(log Ro)¥%s, respectively.

1. Introduction

We consider the effect of nonlinear momentum advection terms on thermal con-
vection between two stress-free horizontal boundaries at large Rayleigh number.
Our study is based on the so-called modal equations for momentum and heat. Briefly,
these equations are constructed from the full Boussinesq equations by expanding the
fluctuating quantities in a complete set of functions of the horizontal co-ordinates,
and then truncating the expansion. For a more detailed discussion of these equations
and their derivations, we refer to the paper by Gough, Spiegel & Toomre (1975,
henceforth referred to as GST). The same system of equations had been derived
earlier, differently, by Roberts (1966) using a procedure proposed by Glansdorff &
Prigogine (1964).

In the problem of cellular convection considered in GST, the solutions for the single
mode equations are derived by the boundary-layer method. The case in which the
horizontal wavenumber a is of order one is mainly considered, but the boundary-
layer solution for the case of large a is discussed briefly there. We find that some of
the results in GST for the latter case appear to disagree with our results. Because of the
importance of the nonlinear convection at various ranges of the Prandtl number, we
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found it useful to study the present problem. The disagreements with the results of
GST are discussed in detail in § 4.

In the present study, we are interested in finding the solution which maximizes the
heat transport F. The flow that maximizes F determines uniquely the horizontal
wavenumber and gives an upper bound on the actual F. The success of the previous
upper bound studies of thermal convection which exhibited interesting features, useful
bounds on F and similarities with observation encouraged us to undertake the present
study of the single mode equations. It is hoped that it will provide us with a deeper
insight into the subject of the nonlinear convection at various values of the Prandtl
number. The reader is also referred to GST for a detailed discussion in support of the
studies based on the single-mode equations for cellular convection.

2. Governing equations

We consider an infinite horizontal layer of fluid depth d bounded above and below
by two stress-free planes maintained at temperatures 7, and 7, + AT(AT > 0), respec-
tively. The modal equations for cellular convection are derived from the Boussinesq
equations for momentum and heat by expanding the fluctuating variables in the plan
form functions f,(z, y) of linear theory (GST). The non-dimensional steady state forms
of these equations, after truncating the expansion by retaining only the first term, are:

(D2—a2)? W = Ra?@® +§[2DW(D2—a2) W + W(D?—a2) DW], (2.1a)

(D*—a?) @+ (1— WO+ F)W = C(2WDO + @DW). (2.1b)

In the above equations, W is the vertical dependence of the vertical component
W{, of the velocity vector u, © is the vertical dependence of the deviation Of; of the
temperature from its horizontal average, R = agATd?/Kv is the Rayleigh number,
o = v/K is the Prandtl number, v is the kinematic viscosity, « is the coefficient of
thermal expansion, K is the thermal diffusivity, and g is the acceleration due to
gravity. Also, a is the horizontal wavenumber, D = d/dz, F = (W®) is the heat flux,
C = }{f,(x, y))? is the parameter derived from the planform function f;(z, y). The bars
denote horizontal average, and the angle brackets denote a further vertical average
over the whole layer. The constant C vanishes for rolls and rectangles and takes the
value of 6-% for the hexagonal planform. We shall assume C % 0and consider the value
such as 6-% as representative value of C. For C = 0, the system (2.1) reduces to the
so-called mean field equations, and the problem has been solved and discussed by
Howard (1965), Roberts (1966) and others.

We shall rescale our dependent variables such that

w= (FR*W, 6= (R/F)}0. (2.2)

The governing equations then take the following forms:

(D2—a%?w = a%0 + (g) (FR)} [2Dw(D? —a?) w + w(D? — a?) D), (2.3a)

1 2 _ ' l _ -3
ﬁg(D —a.2)0+(1 (00+F)w—C(FR) (20D0 + 0Dw). (2.3b)
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The constraint

P 1—R-Y|VE|%)
(1w

is obtained by multiplying (2.3b) by 0 and taking the vertical average over the layer

which is used to evaluate F. The boundary conditions to be considered for the free
surfaces at z = 0, 1 are

(2.4)

w=Dw=0=0. (2.5)

The subsequent analysis and solution of (2.3)—(2.5) supposes throughout that both the
Rayleigh number and the heat flux are large. Different classes of solutions are found for
different orders of magnitude of the Prandtl number o. In each case, the principal
focus is on the unique solution that maximizes F.

3. Solution by boundary-layer method
3.1. The case of a large Prandt]l number

The solution in the range o > R? is essentially that given by Howard (1965) for
C = 0. The inertial terms are insignificant in this range and the boundary layer is not
affected by o. The boundary-layer structure consists of & nonuniform interior and a
thin thermal layer of thickness & close to each boundary. In the interior of the layer,
viscous, buoyancy and convection terms are significant, and the dependent variables
are of order one. In the thermal layer, viscous, conduction and convection terms are
important and we find that w ~ 6 and 6 ~ 8. The heat flux is independent of o and
is maximized for the wavenumber a which is found to be of order one. The dependence
of F and é on R is the same as in the case of C = 0. That is, F = 0-325(1 + C2)-1R}
and 6= 1-449(1+ C?)& R},

The solution in the range R¥(log R)! < o < Rt is qualitatively the same as in the
range o > R}, except that a is now in the maximizing range a = O(R¥s—}). Since a
is now large, there exists also an intermediate layer of thickness a—!. The interior of
the layer is now uniform and we find that @ ~ a=1 and @ ~ a in this region and in the
intermediate layer. In the thermal layer, w ~ 8 and 8 ~ 8-1. The expressions for F
and & are now: F = (2:124)~% (1 +C2)~% Rt and & = (2-124)} (1 + Oy R-L,

3.2. The case of a moderate Prandtl number

The wavenumber a is supposed to be large (which can be justified a posteriori), so that
the convection cells are narrow. The solutions can be obtained by matching asymptotic
approximations in the interior and three distinct regions near each boundary. With-
out loss of generality, we shall restrict ourselves to the discussion of the boundary-
layer structure near the lower boundary, since the boundary-layer structure near the
upper boundary is essentially the same as the one near the lower boundary.

In the interior of the layer, z is of order one. It is assumed that

at € FR < a%2. (3.1)
The governing equations (2.3a)—(2.3b) yield, after using (3.1), the following equations
atw =0, wl=1, (3.2a, b)
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It is seen from (3.2) that the viscous, buoyancy and convection terms are important
in the interior. Equations (3.2a, b) are satisfied by

w=al, 0=a. (3.3a,b)

Near the boundary and adjacent to the interior is an inertial layer in which inertial
terms are significant. We define ¢ as the thickness of the layer and { = z/¢ as the
variable in the layer. We then find from (2.3), after applying matching conditions
(matching the solutions to the corresponding solutions in the interior), that the equa-
tions in the inertial layer are

a*w = 0— 3a3wd—w, wd =1, (3.4a,b)

ag

where it is found appropriate to assume that
€ = Cola3FR)t > a1 (3.5)

The solution to (3.4a) satisfying the boundary condition w = 0 at { = 0 satisfies the
following equation

=t (3.6)

—3aw+3 log( +aw)

(3.4b) and (3.6) yield the following asymptotic results

w=a"1}, G=att as g->0. (3.7a, b)

Closer to the boundary and adjacent to the inertial layer is an intermediate layer of
thickness a-!, in which vertical derivatives are important in the inertial terms.
Defining £ = az as the variable in this layer, the equations (2.3) and matching condi-
tions (matching the solutions to the corresponding solutions in the inertial layer)

yield
6 +Co—1a(FR)} [ Z‘é’ (;gz 1) w+w (;;2 ) ‘;‘é’] 0, (3.8q)
} w0 = 1. (3.8b)
Solutions of (3.8a)—(3.8b) are given by
0= (C%z)i (FR)-t£(3logE 1)t as £ 0, (3.9a)
0 = (6;)* (FR}EY(3logE )t as £—0. (3.9b)

There is a further thinner layer closer to the boundary, in which thermal conduction
is significant in the heat equation and @ is brought to its zero boundary value. We
define 8 as the thickness of the layer and 9 = z/8 as the variable in the layer. The
governing equations and matching conditions then give the following equations in
the thermal layer:

d'ow do d*w dw
P | i pudlind
ar o 1C8(FR)} ( d ¥ +wd1;3)’ (3.10a)
1 d20 dé _do
et _ = (081 -1 huid pabad
FRazd'rﬁT (1-wb)w = C6-Y(FR) (2wdﬂ+6d1}) (3.10b)
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In deriving (3.10), it is found that we must have the following conditions

FRA%% =1, ad <1, 0a%*< A2 (3.11a, b, ¢)
where : :
c 1
=[— —% —_— .
A (C’a) (FR) M(Sloga&) . (3.11d)
The solutions to (3.10) satisfying (2.5) are
} 2
w=Ay, 0= 0% [ (u2—2)-texp [—c-ﬂz(l—t)] dt, (3.12a, b)
24 J, 2
where
4t =14+0-2. (3.12¢)

To determine F, we must evaluate the expressions (|V6|2?) and {(1 —w6)2) in (2.4).
Within the boundary-layer approximation, using the results obtained above and
keeping only the leading-order terms, we find that

(V6|2 = at+28-14-2,, (3.13q)
(1 —wb)?) = 261, (3.13b)

where I, and I, are the integrals

f ® (@6/dn)*dy and f * (1—76)2dy
0 1]

in the thermal layer, respectively. Using (3.13) in (2.4) and maximizing F with respect
to a, yield the following results

39\ 6\t (C\5 ’

e=(?) (7) (a_-) R-%s(log o R, (3.14q)
R\}
a= (E) , (3.14b)
51\t O\t o, -
d= 1—;) (13)1'6(;) R-5(log o RY)-1, (3.14¢)
F= (i)%(f ¥ 135 (2)F Rés(log o REE 3.14d
- (57) (5) 19r=(3) Ratogomi, (3.144)
where it is found that

I=1I1+1I=1062(1+ 0% (3.14¢)

Various assumptions including (3.1), (3.5) and (3.11)lead us to the following conditions
for the validity of the solutions

(R-log R)* < o < Ri(log B)-1. (3.15)

3.3. The case of a small Prandtl number

The wavenumber a is again supposed to be large (which can be justified a posteriori).
The boundary-layer structure for this case consists of a non-uniform interior and two
distinct regions near each boundary. In the interior of the layer, z is of order one. It
is assumed that

a' € FRo, a%0? < FR. (3.16a, b)
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Using (3.16), the governing equations (2.3a)-(2.3b) yield

6 = 3CoY(FR} wDw, wf =1. (3.17a, b)

It is seen from (3.17) that the inertial, buoyancy and convection terms are important
in the interior. (3.17a, b) are satisfied by

0= (gz)*(m)—%, 0= (gz)_} (FR), (3.184, b)

where the constant of integration is chosen so that v satisfies its boundary condition
at z = 0. Near each surface and adjacent to the interior are intermediate layers of
thickness a~!, in which vertical derivatives are important in the inertial terms.
Defining £, = a(1—2) and £ = az as the variables in the upper and lower layers,
respectively, the governing equations and matching conditions yield the following
equations in the upper layer:

dow ( d? d? dw
= — =1. 1
2d£t(d§% l)a)+a)(dgz )dgt 0, w=1 (3.194, b)

Similarly, the governing equations yield (3.8) in the lower layer. Equation (3.8) yield
(3.9) and (3.19a, b) yield the following results

3
w=(%) (FR)-}(3E) as £ -0, (3.20a)

0_(20) (FR)(3E)} as £ 0. (3.20b)

Closer to each surface and adjacent to the intermediate layers are thermal layers.
We define 8, and & as the thicknesses of the top and bottom layers, respectively. Also,
7y = (1—2)/8, and 9 = 2/8 are defined to be the corresponding variables in these
layers. We then find from (2.3), after applying matching conditions, that the equations
in the lower thermal layer are (3.10) and in the upper thermal layer are

do dw d%e

—.=—=tws= =0, (3.21q)
dy, dy} "~ dn
dé ,dw
(FRb? )—1 + (1-wf)w+ C6-Y(FR)? (2 —+0-—] =0, (3.21b)
dy, dy,
and it is found necessary to require conditions (3.11) and
FRA382 =1, ad, <1, oca?}< A} (3.22a, b, c)
where
%
A, = (-2%) (FR)-¥ (3a8,)t. (3.22d)

The solutions to (3.10) and (3.21) are (3.12) and
w = 4,7, (3.23a)

_ O’*mf (12— —iexp[ n%(t—l)]dt. (3.23b)
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The maximization of F proceeds as before, and we find

o= @@ m#(5)" (5) " tog Boya, (3.240)
B, = (48)} (%’)"“(224)* (R")_% (log Ro), (3.245)
3= (%) c2um (%) ™ tog ror-, (3.240)
F=( ) (224)- %(R") (log Ro). (3.24d)

Various assumptions including (3.1), (3.11) and (3.22) lead us to the following condition
for the validity of the solutions

R-1 ¢ o < (R'log R)S. (8.25)

4, Discussion

The boundary-layer analysis has shown that it is appropriate to divide the parameter
space into four different regions. For o > Ri, the interior and the boundary-layer
regions are unaffected by o. F is maximized by a value of @ which is of order one and
Frex isindependent of o. The effect of the inertial terms is sufficiently small such that
the maximizing flow is essentially identical to that at infinite Prandtl number. For
Ri(log R)! < o < R%, the inertial terms are still insignificant, as far as Fmax is con-
cerned. Although Fax is independent of o, the flux-maximizing value of @ depends
strongly on o. The horizontal scale of motion is fixed by the flux-maximizing value of
a, once the inertial terms balance the viscous and buoyancy terms in the intermediate
layer. The upper and lower limits on o are determined by balancing the inertial terms
with viscous terms in the intermediate layer and by using the fact that Fnax is un-
affected by the interior solutions. For (R!log R)? < o € R¥(log R)~!, Fmax is an in-
creasing function of o, but the flux-maximizing value of a is independent of o. The
order of magnitude of Fay in this range is always less than its values in the above first
two regions. In the thermal layers, the inertial term is important for o € 1 and the
viscous term is important for o > 1. The boundary-layer structure near the lower
boundary is essentially the same as the one near the upper boundary mainly because
of the uniformity of the interior. The upper and lower limits on o are determined from
various conditions including (3.1), (3.5) and (3.11). For R-! € 0 < (R~'log R)?, Fax
and the flux-maximizing value of a are both increasing functions of o. The interior
is now non-uniform. The intermediate and thermal layers near the lower boundary are
essentially the same as the corresponding ones in the previous case. The boundary-
layer structure near the upper boundary is now different from the one near the lower
boundary. It should be realized of course that a corresponding solution exists for
which the designations ‘upper’ and ‘lower’ are interchanged. The value of ¢ which
maximizes F is determined essentially by the contribution of the interior solution to
the conduction term in the expression (2.4) for F. It depends strongly on o, since
inertial terms are now significant in the interior and affect the relations there. The
upper and lower limits on o are found from various assumptions including (3.1), (3.11)
and (3.22). An interesting qualitative result of the present boundary-layer analysis
is that Fiuax and the flux-maximizing a are continuous functions (within a logarithmic
term) of R and o throughout the range o > R-1.
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In the studies of modal equations for cellular convection presented in GST the case
of large wavenumber convection in a layer with stress-free boundaries is briefly dis-
cussed. The main results of GST for this case are summarized here. For o > (Ra?)%,
the boundary-layer structure consists of a non-uniform interior and a thermal layer
near each boundary. F is maximized for the value of a which is of order one and
Fmax is proportional to R}. For R-1 € o < (Ra?}, a similar boundary-layer structure
exists, but the boundary layer near the upper boundary is now different from the
one near the lower boundary. F is maximized for the value of a which is proportional
to Rt and Fmax oc Risot(log Rio)t. For o < R-1, heat is transported mainly by con-
duction and F = A(Ro/C)?, where A is a function of a, which attains its maximum
value (2:496) 109 at a = 2-37. Using the value of the flux-maximizing wavenumber
in each of the first two ranges for o, we find that both of these boundary-layer structures
can similtaneously exist for R < o € R. There is a further undesirable result. For
o~ (Ra2)§, or o ~ R-1 there exists discontinuities in Finax and the flux-maximizing
value of a. Comparing these results with those of the present study, we find the
following conclusions. For o > R¥, our main results are qualitatively equivalent to
those in GST for o > (Ra?)}. For R¥(log R)~! < o < R%, our results disagree with those
in GST. For (R-'log R)* < o < R¥(log R)™!, our boundary-layer structure, solutions
for vertical velocity and temperature and the expression for Fnax all disagree with
those in GST. The flux-maximizing value of a is, however, the same as that in GST.
For R-! € o < (R'log R)3, our boundary-layer structure and solutions for vertical
velocity and temperature appear to be cquivalent to those in GST for

R < o < (Ra?)},

but Fnax and the flux-maximizing value of a disagree. As o - R~1, Fiax becomes O(1)
and can no longer be assumed large. For o < R~!, our results (though not given in
this paper) agree with those in GST. In contrast to the results in GST, we do not have
discontinuities in the expressions for Fmax and the flux-maximizing value of a, and
the boundary-layer structures do not overlap.

The nonlinear Bénard convection contains three different types of nonlinearities:
nonlinear interactions of the fluctuating velocity with the mean temperature gradient
(referred to as WT'), nonlinear interactions of the fluctuating velocities in the momen-
tum equation (referred to as W W) and deviation of WT from the nonlinear advection
of temperature in the heat equation (referred to as W®). Our present results, for
o> R, indicate that WT is significant in both interior and the boundary layer
regions and affects the solutions qualitatively. WW is significant in the boundary-
layer regions, for a moderate or small o (except in the thermal layer for o > 1) and
in the interior (for a small &), and it affects the solutions qualitatively for a moderate
or small o. WO is significant only in the thermal layers and affects the solutions
quantitatively. These results support the general belief that WW is relatively small
whenever o is large, and WO can be ignored whenever the qualitative features of the
convection problem are concerned. The latter statement is not quite obvious, but it
is expected to hold as far as heat transport processes are concerned.

Finally, we present a critique of the modal approach which is especially desirable in
view of its rather uncritical acceptance by various authors (Spiegel 1971; GST;
Toomre, Gough & Spiegel 1977; Gough 1977) who have also given detailed discussions
in favour of the studies based on the modal equations. The modal equations represent
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a special approximation of the full Boussinesq equations in that a hexagonal symmetry
of the horizontal dependence is presumed. It yields the undesirable results of & non-
symmetric z-dependence of the solutions, once it is applied to a symmetric layer.
There is also the possibility that preferred convective motion can not be described
adequately by the modal equations. In particular, some solutions of the full equations
may exhibit a higher heat transport than those of the modal equations. The so-called
‘flywheel’ solutions discovered first by Jones, Moore & Weiss (1976) and more recent
two-dimensional studies along the same line (Clever & Busse 1981); Busse & Clever
1981) represent some challenge to the solutions based on the modal equations for a
low o. The asymmetry in the treatment of vertical and horizontal dependence in the
modal equations of convection do indeed prevent the representation of solutions for
which nonlinearities in the horizontal dependence of the problem is important. So
far the study of the flywheel solutions has been restricted to the two-dimensional
steady case. Although these solutions are known to be unstable to oscillatory in-
stability, but it is quite likely that time dependent three-dimensional solutions with
similar properties as the fly wheel solutions do exist and are responsible for high heat
transport in a low-Prandtl-number fluid. The modal equations are adequate only in
cases where the inherent time dependent turbulent convection does not cause large
deviations in the average properties from the corresponding steady solutions. Another
point concerning our single-mode approach is that convective flow having a moderate
or small horizontal length scale is predicted, a result which is not supported by the
experimental evidence. The multi-scales character of the real flow at large R also
suggests that multi-modal solutions (Busse 1969) which allow greater heat flux than
single-mode solutions and are characterized by several length scales are likely to be
preferred at sufficiently large R.

This work was supported by the Geophysics Section of U.S. National Science
Foundation. The author would like to thank Professor F. H. Busse for his constructive
criticism and stimulating comments.
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